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From BUTLER VOLMER’s
Equation to Electrochemical

Impedance Spectroscopy
The Basics

The expressions of the BUTLER VOLMER'’s equation is given for an activation
kinetics and a diffusion kinetics. The polarization resistance is calculated from the
Butler Volmer Equation as well as the Tafel’s Law. Then a brief reminder of the
complex numbers is presented. Finally, the Electrochemical Impedance
Spectroscopy is presented as well as some practical applications.
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Linearization of the BUTLER-VOLMER-GRUZ lequation

The expression of the BUTLER-VOLMER-GRUZ equation:

[ = io[exp(ban(i) — exp(ben ()] 1)

[ is the current density in [A m™2]

[y is the exchange current density in [A m™2]

n(i) is the overpotential expressed as: n(i) = E;»o — Ei=

E;_, the potential for a current equal to zero also called OCP

E;., the potential when a current is flowing through the electrodes
b, >0

b, <0

_anF
@ RT

RT
Rin[JK tmol™1]
Fin[Cmol™1]
Tin[K]

b. and b, in [C J~] that’s to say [V 1]

! Erdey Gruz was the PhD student of Max Volmer when he established the equation.
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Expression of the Polarization Resistance

The Taylor expansion of the BV equation when n(i) - 0

exp(X) = exp(o) + %f’(O) + ;—jf”(O) + o+ x™ +oex™

At the first order:

exp(X) = 1+x

Let’s write:
anF
X =— [
BT n(@)
(1—a)nF
X' = ————n(
BT n(@)

The BV equation is:

=i [1+X)—(1+X"]

i =iy[X —X']
. . |anF (1- a)nF
b=lo|r N = (- —Fr— n(t)l
anF
= io [ 1)+ (= ()]
This equation yields:
i =i =n(i) 3)
This looks like the Ohm’s Law:
i=- (4)
Then:
1 RT
Rp = ; X = (5)

R, is the polarization resistance in Q cm?
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Expression of the STERN GEARY Equation

The Stern-Geary Equation:
From the Butler-Volmer Equation via a series expansion
i = ip[(ban(@) — (ben(D]
i =io(bg — boIn(i)
1 1

Rp - ; X (ba_bc) (6)

This is the Stern-Geary Equation that describes the relationship between the Polarization
Resistance (Rp) and the Corrosion Current (icorr)-
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Expression of the TAFEL Law

TAFEL's law applies for high overvoltages (n(i) > +50 mV) for which one of the two reactions
(anodic or cathodic) is neglected.

For example, if we have to do with an anodic overvoltage greater than 50 mV, the exponential
term relating to the cathodic reaction is neglected and the Butler-VVolmer-Gruz relation becomes:

i~lg = iOexp[ban(ia)] (7)

TAFEL's law expresses the relationship between the overvoltage and the logarithm of the current.

Ini, = Iniyg + byn(iy) (8)
.y _ Inig . %
n(ia) === (9)
What TAFEL expressed in the following way:
n(ip) = A+ B Ini, (10)

n(iy) >0and B >0

Withd = =™ andp =X
b b

a a

The same calculus can be done for the cathodic overpotential, and the expression of the TAFEL’s
law for the cathodic branch is:

n(i,) = A"+ B’ Ini,
n(i,)<0and B’ <0

lnio

With A’ =

and B' = =~
b

c a
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The BUTLER VOLMER equation for diffusion

The cathodic expression is:

. . cel
i = —lp X mexp(bc)

C®! is the electrode concentration of species i in [mol m™3]

First Fick’s Law:

Jai = —D;V C; in a 3D space

For a 1D space:

aC;
=D,
]dl Py

x: is the diffusion layer thickness (8) in m

Jai = —Z—;(Ciwl - )

The diffusion limit flux is reached when C#* - 0.

Then,
— _ ﬂ sol
]Ldi - 5; X Ci

Expression of the diffusion currents:
. Fl,. = FDi sol el
lgi = —nFJg; = —n 3, G — G )
. D; 1
lLdi == _nF]Ldl. = _S_EX ClSO
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(12)

(13)

(14)

(15)

(16)

(17)



Then,

Cet = (igi —iry,) ¥ O (16”)

nFD;

Cot = —iy, X (17"

i
nFD;

P i ,
Cel _ (ldl lLdi nFD; _ lLdi_idi

= : . (18)
cset Ll %mrp, "Lai
Finally,
l
i = —i, [L‘;“ ] x exp(b.n (i) (19)
Lai
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Complex Numbers
Writing complex numbers
Cartesian form of a complex number
z=a+jb
z =r1(cosb + jsinB) (20)

With r: the modulus

Jj a pure complex number
Figure 1: The Cartesian complex plane
Forr=1

Trigonometric form of a complex number

Forr=1

z = (cosO + jsin) (21)

Modulus of the complex number z when r # 1
2] = a2 + b?

The argument of a complex number ()

According to the Cartesian complex plane:

sinf

tgo = Z = => 60 = atan (Z) = atan (Sine) (22)

cosf cosf

A complex number is defined by its modulus and its argument.

Exponential form of a complex number

z = |z|e/?
z = |z|e/?=|z|(cosO + jsinB) (23)
EXx:

Ifo=mand|z] =1
z = e/™ = (cosm + jsinm) = —1 cost = —1; sint =0
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Moivre’s formula

z" = |z|"e/"0= |z|"*(cos (n@) + jsin (n@)) (24)

The j imaginary number

Jj = cos (g) + jsin (g) cosf =
0 =—+kn

j? = cos (23) + jsin (23) = cos(m) + jsin(m) = 1 (25)

Conjugate complex number:

z = a + jb Complex number
Z = a — jb Conjugate complex number
zZ=a*+b?

Representation of a complex number in the complex plane (Nyquist plane or
Argand diagram)

Z1=_2+2]
Z2=1_5j
73 =4 — 4
5.
Im
4 -
3.
Zl. 2
1 -
. 0 . Re
7 6 5 -4 3 2 11 1 2 3 4 5
2
.3.
4 .Z3
5 .Z
6 2

Figure 2: Graphical representation of the complex numbers
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The Nyquist diagram for the electrochemists:

It is a tool for studying linear and time-invariant systems (LTIS) in the frequency domain

(Transfer functions)

T
2
A
/”-—\\
’
/ |z|
DR
> 0
\
N
Y3
3_
2
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Figure 3: The trigonometric circle
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|z| increases:

-Z;
A
|z]
t/s
8
> Zr
Figure 4: Variations of the impedance modulus Figure 5: Output response to the
) variations or the impedance modulus of figure 4.
0 increases:
157 111
1 4
0,5 -
O T T T T T t\/s
/ 1 2 EGA NG / 7
0,5 1 4
v
-1 -
a5
Zp 09=0
Figure 6: Variations or the phase angle 6. Figure 7: Output response to the variations of
the phase angle 6.
Elements of an electrical circuit
_Zj
#+ Resistance Zp =R
Zg
-7
*_ Capacitor 7~ = L «Mathematical expressions
¢ jwC Za
Graphical representations on the complex plan —
-7
+ Inductor Z; =jlw ,
R
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Electrochemical reaction and Electrical Equivalent Circuit

3
[T E— ic
=
= @ -
O /
Ox
Ol
Red

Anode
Electrolyte

®'®
0000000
|
\lg
|

Figure 8: Representation of an electrochemical interface.

C4;: Capacity of the double layer in F/cm?

R, Electrolyte resistance in Q cm? (between the reference electrode and the working electrode)

Rp: Faradaic resistance (Polarization resistance) in Q cm?

Graphical representation of the impedance

+ ForZ =R
# The Nyquist diagram:

=Z;/Q cm?

Zr/Q cm?
#+ The Bode diagram:
The modulus diagram The phase diagram
log |z| 0/°
OO
L >Slogw —>log®
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+ For a RC circuit:

R,
1 1 1 +ja)RFCdl
——=—+4+jwCy = ——
Z(w) Ry @M R,
For the overall circuit:
Z(w) = R, + —F (26)
e 1+jwRECq;
The Nyquist Diagram
6 -
5 4 e ° ® o
4 ¢ ¢
~ - [ J
§ o*
c 3 A < )
= o
N2 %
. %
1 - S *
[}
0 T T T T ' T T T T T T T T T ‘ T T T T 1
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Z./Q cm?
Figure 9: The Nyquist diagram, R,=5 2 cm?, R,+Rr=15 0 cm?.
lim Z(w) =R,
w—00
lim Z(w) = R, + Rp
w—0
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Calculation of the characteristic w (w.) and extraction of the value of the double layer
capacity

The Cartesian form of Z(w) is:

Rr . Rrwt
Z(w) = — 27
( ) 1+(1)2T2 ] 1+Cl)2T2 ( )
6 -
w, =21
5 A ° o ° ¢ fe
°
° °
4 - °
~ °
§ o°
3 .
S ° %
N [}
2 - %
° °
°
°
19 °
l °
0 T T T T T T T T T '
0 1 2 3 4 5 6 7 8 9 10
(Zz-Re)/Q cm?

Figure 10: The Nyquist diagram of figure 9 with the correction of the electrolyte resistance (R,),

showing the characteristic frequency f..
Note: w = 2nf; T = RpCy

The characteristic o¢ can be found when the real part of the impedance is equal to the imaginary
part of the impedance:

Rr = Rp w,T

Then,
1 1
W, = 21f, = T = Roca (28)
The capacity of the double layer is:
1
Ca = 51 (29)

14
Jean DEMATOS
Worldwide Plating



The Bode impedance representation

The modulus of Z vs log f
. 12 ® Modulus Z
E 0
S ° o0 © ooy,
3 8 1 .o
1%
1\
2 - °
L : e ¢ & : ;—l—' ‘et
0,1 1 10

Figure 11: The Bode diagram for the modulus of the impedance vs logf same information than figure 10
with more information with respect to the frequencies.

The log of the Modulus of Z vs log f

10 & ocoumD ©O0ED .\ log f

1
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Figure 12: The Bode diagram for the log of modulus of the impedance vs logf same information than figure 11.
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The phase vs log f
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Figure 13: The Bode diagram for the phase vs the log of the frequencies.

The Modulus of Z vs log f and the Phase vs log f
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Figure 14: The Bode diagram showing the modulus of the impedance and the phase vs the log of the frequencies.

Jean DEMATOS
Worldwide Plating

16



The log of the Modulus of Z vs log f and the Phase vs log f
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Figure 15: The Bode diagram showing the log of the modulus of the impedance and the phase vs log of the
frequencies.

Order of magnitude of a double layer capacitance
10 < Cy4; < 100 pF /cm?

The average value of a double layer capacitance is around 50 puF/cm?

Average value of an oxide layer capacitance:
Cox~1pF Jcm?

Calculation of the equivalent capacitance C.q when C; and C; are 2 capacitors in series:

|1 |1
O—1 |—>©°
¢t c2
1_1.1
Ceq Cl CZ
|1 |1
O—1 |—>©°
Cox Ca

If Cox = 1uF /cm? and Cy; = 50uF /cm?
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Then

Coq~Cox~1pF /cm?
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