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Linearization of the BUTLER-VOLMER-GRUZ 1equation 
 

The expression of the BUTLER-VOLMER-GRUZ equation: 
 

𝑖 = 𝑖0[exp⁡(𝑏𝑎𝜂(𝑖) − exp⁡(𝑏𝑐𝜂(𝑖)]  (1) 

 

𝑖 is the current density 𝑖𝑛⁡[𝐴⁡𝑚−2] 

𝑖0 is the exchange current density 𝑖𝑛⁡[𝐴⁡𝑚−2] 

𝜂(𝑖) is the overpotential expressed as: 𝜂(𝑖) = ⁡𝐸𝑖≠0 − 𝐸𝑖=0 

𝐸𝑖=0 the potential for a current equal to zero also called OCP 

𝐸𝑖≠0 the potential when a current is flowing through the electrodes  

𝑏𝑎 > 0 

𝑏𝑐 < 0 

𝑏𝑎 =
𝛼𝑛𝐹

𝑅𝑇
 

𝑏𝑐 = −
(1 − 𝛼)𝑛𝐹

𝑅𝑇
 

𝑅⁡𝑖𝑛⁡[⁡𝐽𝐾−1𝑚𝑜𝑙−1] 

𝐹⁡𝑖𝑛⁡[⁡𝐶⁡𝑚𝑜𝑙−1] 

𝑇⁡𝑖𝑛⁡[⁡𝐾] 

𝑏𝑐 and 𝑏𝑐 𝑖𝑛⁡[𝐶⁡𝐽−1] that’s to say [𝑉−1] 

 

 

 

 

                                                           
1
 Erdey Gruz was the PhD student of Max Volmer when he established the equation. 
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Expression of the Polarization Resistance 
 

The Taylor expansion of the BV equation when 𝜂(𝑖) → 0 

exp(𝑋) = exp(𝑜) +
𝑥

1!
𝑓′(0) +

𝑥²

2!
𝑓′′(0) + ⋯+ 𝑥𝑛 + 𝜀𝑥𝑛  (2) 

At the first order: 

exp(𝑋) ≈ 1 + 𝑥 

Let’s write: 

𝑋 =
𝛼𝑛𝐹

𝑅𝑇
⁡𝜂(𝑖) 

𝑋′ = −
(1 − 𝛼)𝑛𝐹

𝑅𝑇
𝜂(𝑖) 

 

The BV equation is: 

𝑖 = 𝑖0[(1 + 𝑋) − (1 + 𝑋′)] 

𝑖 = 𝑖0[𝑋 − 𝑋′] 

𝑖 = 𝑖0 [
𝛼𝑛𝐹

𝑅𝑇
⁡𝜂(𝑖) − (−

(1 − 𝛼)𝑛𝐹

𝑅𝑇
𝜂(𝑖)] 

𝑖 = 𝑖0 [
𝛼𝑛𝐹

𝑅𝑇
⁡𝜂(𝑖) +

𝑛𝐹

𝑅𝑇
𝜂(𝑖)(−

𝛼𝑛𝐹

𝑅𝑇
𝜂(𝑖))] 

This equation yields: 

𝑖 = 𝑖0
𝑛𝐹

𝑅𝑇
𝜂(𝑖)  (3) 

This looks like the Ohm’s Law: 

𝑖 =
𝑉

𝑅
  (4) 

Then: 

𝑅𝑝 =
1

𝑖0
×

𝑅𝑇

𝑛𝐹
  (5) 

𝑹𝒑 is the polarization resistance in Ω cm² 
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Expression of the STERN GEARY Equation 
 

The Stern-Geary Equation: 

From the Butler-Volmer Equation via a series expansion 

𝑖 = 𝑖0[(𝑏𝑎𝜂(𝑖) − (𝑏𝑐𝜂(𝑖)] 

𝑖 = 𝑖0(𝑏𝑎 − 𝑏𝑐)𝜂(𝑖) 

𝑅𝑝 =
1

𝑖0
×

1

(𝑏𝑎−𝑏𝑐)
  (6) 

This is the Stern-Geary Equation that describes the relationship between the Polarization 

Resistance (Rp) and the Corrosion Current (iCORR). 
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Expression of the TAFEL Law 
 

TAFEL's law applies for high overvoltages (𝜂(𝑖) > ±50⁡𝑚𝑉) for which one of the two reactions 

(anodic or cathodic) is neglected. 

For example, if we have to do with an anodic overvoltage greater than 50 mV, the exponential 

term relating to the cathodic reaction is neglected and the Butler-Volmer-Gruz relation becomes: 

𝑖~𝑖𝑎 = 𝑖0exp⁡[𝑏𝑎𝜂(𝑖𝑎)]  (7) 

TAFEL's law expresses the relationship between the overvoltage and the logarithm of the current. 

𝑙𝑛𝑖𝑎 = 𝑙𝑛𝑖0 + 𝑏𝑎𝜂(𝑖𝑎)  (8) 

𝜂(𝑖𝑎) =
𝑙𝑛𝑖𝑎

𝑏𝑎
−

𝑙𝑛𝑖0

𝑏𝑎
   (9) 

What TAFEL expressed in the following way: 

𝜂(𝑖𝑎) = 𝐴 + 𝐵⁡𝑙𝑛𝑖𝑎  (10) 

𝜂(𝑖𝑎) > 0 and 𝐵 > 0 

With 𝐴 = −
𝑙𝑛𝑖0

𝑏𝑎
 and 𝐵 =

1

𝑏𝑎
 

The same calculus can be done for the cathodic overpotential, and the expression of the TAFEL’s 

law for the cathodic branch is: 

𝜂(𝑖𝑐) = 𝐴′ + 𝐵′⁡𝑙𝑛𝑖𝑐  

𝜂(𝑖𝑐) < 0 and 𝐵′ < 0 

With 𝐴′ = −
𝑙𝑛𝑖0

𝑏𝑐
 and 𝐵′ =

1

𝑏𝑎
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The BUTLER VOLMER equation for diffusion 
 

The cathodic expression is: 

 

𝑖𝑐 = −𝑖0 ×
𝐶𝑒𝑙

𝐶𝑠𝑜𝑙 exp⁡(𝑏𝑐)  (11) 

𝐶𝑒𝑙 is the electrode concentration of species i 𝑖𝑛⁡[𝑚𝑜𝑙⁡𝑚−3] 

 

First Fick’s Law: 

 

𝐽𝑑𝑖 = −𝐷𝑖 ∇⃗⃗ ⁡𝐶𝑖 in a 3D space  (12) 

For a 1D space:  

 

𝐽𝑑𝑖 = −𝐷𝑖
𝜕𝐶𝑖

𝜕𝑥
    (13) 

𝑥: is the diffusion layer thickness (δ) in m 

 

𝐽𝑑𝑖 = −
𝐷𝑖

𝛿𝑖
(𝐶𝑖

𝑠𝑜𝑙 − 𝐶𝑖
𝑒𝑙)  (14) 

The diffusion limit flux is reached when 𝐶𝑖
𝑒𝑙 → 0. 

Then,  

𝐽𝐿𝑑𝑖
= −

𝐷𝑖

𝛿𝑖
× 𝐶𝑖

𝑠𝑜𝑙   (15) 

Expression of the diffusion currents: 

 

𝑖𝑑𝑖 = −𝑛𝐹𝐽𝑑𝑖 = −𝑛𝐹
𝐷𝑖

𝛿𝑖
(𝐶𝑖

𝑠𝑜𝑙 − 𝐶𝑖
𝑒𝑙) (16) 

𝑖𝐿𝑑𝑖
= −𝑛𝐹𝐽𝐿𝑑𝑖

= −
𝐷𝑖

𝛿𝑖
× 𝐶𝑖

𝑠𝑜𝑙    (17) 
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Then, 

𝐶𝑖
𝑒𝑙 = (𝑖𝑑𝑖 − 𝑖𝐿𝑑𝑖

) ×
𝛿𝑖

𝑛𝐹𝐷𝑖
  (16’) 

𝐶𝑖
𝑠𝑜𝑙 = −𝑖𝐿𝑑𝑖

×
𝛿𝑖

𝑛𝐹𝐷𝑖
   (17’) 

 

𝐶𝑒𝑙

𝐶𝑠𝑜𝑙
=

(𝑖𝑑𝑖−𝑖𝐿𝑑𝑖
)×

𝛿𝑖
𝑛𝐹𝐷𝑖

−𝑖𝐿𝑑𝑖
×

𝛿𝑖
𝑛𝐹𝐷𝑖

=
𝑖𝐿𝑑𝑖−𝑖𝑑𝑖

𝑖𝐿𝑑𝑖

  (18) 

 

Finally, 

 

𝑖 = −𝑖0⁡ [
𝑖𝐿𝑑𝑖

−𝑖𝑑𝑖

𝑖𝐿𝑑𝑖

] × exp⁡(𝑏𝑐𝜂(𝑖)  (19) 
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Complex Numbers 

Writing complex numbers 
 

Cartesian form of a complex number 

𝑧 = 𝑎 + 𝑗𝑏         

𝑧 = 𝑟(𝑐𝑜𝑠𝜃 + 𝑗𝑠𝑖𝑛𝜃)  (20) 

With r: the modulus 

j a pure complex number 

For 𝑟 = 1 

Trigonometric form of a complex number 

 

For r=1 

𝑧 = (𝑐𝑜𝑠𝜃 + 𝑗𝑠𝑖𝑛𝜃)  (21) 

Modulus of the complex number z when 𝑟 ≠ 1 

|𝑧| = √𝑎2 + 𝑏2 

The argument of a complex number (θ) 

According to the Cartesian complex plane: 

𝑡𝑔𝜃 =
𝑏

𝑎
=

𝑠𝑖𝑛𝜃

𝑐𝑜𝑠𝜃
 => 𝜃 = 𝑎𝑡𝑎𝑛 (

𝑏

𝑎
) = 𝑎𝑡𝑎𝑛 (

𝑠𝑖𝑛𝜃

𝑐𝑜𝑠𝜃
)  (22) 

A complex number is defined by its modulus and its argument. 

Exponential form of a complex number 

 

𝑧 = |𝑧|𝑒𝑗𝜃 

𝑧 = |𝑧|𝑒𝑗𝜃= |𝑧|(𝑐𝑜𝑠𝜃 + 𝑗𝑠𝑖𝑛𝜃)  (23) 

Ex:  

If 𝜃 = 𝜋 and |𝑧| = 1 

𝑧 = 𝑒𝑗𝜋 = (𝑐𝑜𝑠𝜋 + 𝑗𝑠𝑖𝑛𝜋) = −1  𝑐𝑜𝑠𝜋 = −1; ⁡𝑠𝑖𝑛𝜋 = 0 

𝑧𝑅 

𝑧𝑗 

𝑎 

𝑏 

𝑟𝑐𝑜𝑠𝜃 

𝑟 

𝜃 

Figure 1: The Cartesian complex plane 
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Moivre’s formula 

 

𝑧𝑛 = |𝑧|𝑛𝑒𝑗𝑛𝜃= |𝑧|𝑛(𝑐𝑜𝑠⁡(𝑛𝜃) + 𝑗𝑠𝑖𝑛⁡(𝑛𝜃))  (24) 

The j imaginary number 

 

𝑗 = 𝑐𝑜𝑠 (
𝜋

2
) + 𝑗𝑠𝑖𝑛 (

𝜋

2
)     𝑐𝑜𝑠𝜃 = 0 

        𝜃 =
𝜋

2
+ 𝑘𝜋 

𝑗2 = 𝑐𝑜𝑠 (2
𝜋

2
) + 𝑗𝑠𝑖𝑛 (2

𝜋

2
) = 𝑐𝑜𝑠(𝜋) + 𝑗𝑠𝑖𝑛(𝜋) = −1  (25) 

Conjugate complex number: 
 

𝑧 = 𝑎 + 𝑗𝑏 Complex number 

𝑧̅ = 𝑎 − 𝑗𝑏 Conjugate complex number 

𝑧⁡𝑧̅ = 𝑎² + 𝑏² 

Representation of a complex number in the complex plane (Nyquist plane or 

Argand diagram) 
 

𝑧1 = −2 + 2𝑗 

𝑧2 = 1 − 5𝑗 

𝑧3 = 4 − 4𝑗 

 

Figure 2: Graphical representation of the complex numbers 
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The Nyquist diagram for the electrochemists: 

 

It is a tool for studying linear and time-invariant systems (LTIS) in the frequency domain 

(Transfer functions) 

 

 

 

 

 

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡|𝒛| 

 

 

 

 

 

 

 

Figure 3: The trigonometric circle 
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|𝑧| increases: 

 

   

                 Figure 4: Variations of the impedance modulus                                    Figure 5: Output response to the  

θ increases: 

 

 

Elements of an electrical circuit 

 

 Resistance  𝑍𝑅 = 𝑅        

 

 Capacitor  𝑍𝐶 =
1

𝑗𝜔𝐶
       

 

 Inductor  𝑍𝐿 = 𝑗𝐿𝜔 

 

 

-1,2

-0,7

-0,2

0,3

0,8

0 2 4 6 8

t/s 

ZR 

-Zj 
|𝑰| 

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡|𝒛| 

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡𝜽 =
𝝅

𝟒
 

𝝅

𝟒
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡

𝝅

𝟐
 

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡𝜽=𝟎 ZR 

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡𝜽=𝝅
𝟐

 

−𝑍𝑗  

𝑍𝑅  

−𝑍𝑗  

𝑍𝑅  

−𝑍𝑗  

𝑍𝑅  

 

variations or the impedance modulus of figure 4. 

Figure 6: Variations or the phase angle θ. Figure 7: Output response to the variations of 

the phase angle θ. 

←Mathematical expressions 

Graphical representations on the complex plan →  
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Electrochemical reaction and Electrical Equivalent Circuit 

 

 

     

   

    

 

 

Figure 8: Representation of an electrochemical interface. 

𝐶𝑑𝑙: Capacity of the double layer in F/cm² 

𝑅𝑒: Electrolyte resistance in Ω cm² (between the reference electrode and the working electrode) 

𝑅𝐹: Faradaic resistance (Polarization resistance) in Ω cm² 

 

Graphical representation of the impedance 
 

 For 𝑍 = 𝑅 

 The Nyquist diagram: 

 

       

 

 The Bode diagram: 

The modulus diagram      The phase diagram 

 log |𝑧|        θ/° 

         

      log ω                        log ω  
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 For a RC circuit:  

 

1

𝑍(𝜔)
=

1

𝑅𝐹
+ 𝑗𝜔𝐶𝑑𝑙 =

1 + 𝑗𝜔𝑅𝐹𝐶𝑑𝑙

𝑅𝐹
 

For the overall circuit: 

𝑍(𝜔) = 𝑅𝑒 +
𝑅𝐹

1+𝑗𝜔𝑅𝐹𝐶𝑑𝑙
  (26) 

 

The Nyquist Diagram 

 

Figure 9: The Nyquist diagram, 𝑅𝑒=5 𝛺⁡𝑐𝑚², 𝑅𝑒+𝑅𝐹=15 𝛺⁡𝑐𝑚². 

lim
𝜔→∞

𝑍(𝜔) = 𝑅𝑒 

lim
𝜔→0

𝑍(𝜔) = 𝑅𝑒 + 𝑅𝐹 
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Calculation of the characteristic ω (𝝎𝒄) and extraction of the value of the double layer 

capacity 

 

The Cartesian form of 𝑍(𝜔)⁡𝑖𝑠: 

𝑍(𝜔) =
𝑅𝐹

1+𝜔²𝜏²
− 𝑗

𝑅𝐹𝜔𝜏

1+𝜔²𝜏²
  (27) 

 

Figure 10: The Nyquist diagram of figure 9 with the correction of the electrolyte resistance (𝑅𝑒),  

showing the characteristic frequency fc. 

Note: 𝜔 = 2𝜋𝑓;    𝜏 = 𝑅𝐹𝐶𝑑𝑙 

The characteristic ωc can be found when the real part of the impedance is equal to the imaginary 

part of the impedance: 

𝑅𝐹 = 𝑅𝐹⁡𝜔𝑐𝜏 

Then, 

𝜔𝑐 = 2𝜋𝑓𝑐 =
1

𝜏
=

1

𝑅𝐹𝐶𝑑𝑙
  (28) 

The capacity of the double layer is: 

𝐶𝑑𝑙 =
1

2𝜋𝑓𝑐𝑅𝐹
    (29) 

0
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             𝝎𝒄 = 𝟐𝝅𝒇𝒄 
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The Bode impedance representation 

The modulus of Z vs log f 

 

Figure 11: The Bode diagram for the modulus of the impedance vs logf same information than figure 10 

with more information with respect to the frequencies. 

The log of the Modulus of Z vs log f 

 

 

Figure 12: The Bode diagram for the log of modulus of the impedance vs logf same information than figure 11. 
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The phase vs log f 

 

 

Figure 13: The Bode diagram for the phase vs the log of the frequencies. 

The Modulus of Z vs log f and the Phase vs log f 

 

 

Figure 14: The Bode diagram showing the modulus of the impedance and the phase vs the log of the frequencies. 
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The log of the Modulus of Z vs log f and the Phase vs log f 

 

 

Figure 15: The Bode diagram showing the log of the modulus of the impedance and the phase vs log of the 

frequencies. 

Order of magnitude of a double layer capacitance 

10 ≤ 𝐶𝑑𝑙 ≤ 100⁡µ𝐹/𝑐𝑚² 

The average value of a double layer capacitance is around 50 µF/cm² 

Average value of an oxide layer capacitance: 

𝐶𝑂𝑥~1µ𝐹/𝑐𝑚² 

Calculation of the equivalent capacitance Ceq when C1 and C2 are 2 capacitors in series: 

 

 

1

𝐶𝑒𝑞
=

1

𝐶1
+

1

𝐶2
 

 

If 𝐶𝑂𝑥 = 1µ𝐹/𝑐𝑚² and 𝐶𝑑𝑙 = 50µ𝐹/𝑐𝑚² 
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1

𝐶𝑒𝑞
=

1

𝐶𝑂𝑥
+

1

𝐶𝑑𝑙
=

1

1
+

1

50
=

51

50
 

Then 

𝐶𝑒𝑞~𝐶𝑂𝑥~1µ𝐹/𝑐𝑚² 

 

           

         

       

    

  

 


